Recent attoclock experiments using the attsecond angular streaking technique enabled the measurement of the tunneling time delay during laser induced strong field ionization. Theoretically the tunneling time delay is commonly modelled by the Wigner time delay concept which is derived from the derivative of the electron wave function phase with respect to energy. Here, we present an alternative method for the calculation of the Wigner time delay by using the fixed energy propagator. The developed formalism is applied to the nonrelativistic as well as to the relativistic regime of the tunnel-ionization process from a zero-range potential, where in the latter regime the propagator can be given by means of the proper-time method.
I. INTRODUCTION
The tunneling of an electron through a potential barrier is a typical quantum mechanical phenomenon. It has been in the focus of both theoretical and experimental attention since the formulation of quantum mechanics (see, e.g., [1] for a comprehensive review). In particular the issue of whether the motion of a particle under a barrier is instantaneous or not is a long standing and controversial problem in physics since MacColl's first attempt to consider it in 1932 [2] . Recent interest to this problem has been renewed by a unique opportunity offered by attosecond angular streaking techniques for measuring the tunneling time delay during laser-induced tunnel-ionization [3] [4] [5] [6] . This novel experimental technique offers the measurement of tunneling time with unprecedented resolution of tens of attoseconds [7] .
For the generic problem of the tunneling time delay, different definitions have been proposed and the discussion of their relevance still continues [8] [9] [10] [11] [12] [13] [14] [15] [16] . The Keldysh time introduced in the strong field ionization theory [17] describes the formation time of the ionization process [18] (see also Fig. 11 in [19] ) and is not relevant to the attoclock time delay measurement [3] [4] [5] [6] . One of the most accepted definitions for the tunneling time delay is the Wigner time delay concept [8] [9] [10] . This concept is based on the time difference between the quasiclassical and the Wigner trajectory, which is the trajectory of the peak of the wave packet, at a remote distance. A mathematical definition of the Wigner trajectory can be given via the derivative of the phase of the steady-state wave function of the tunneling particle. Namely, the time is expressed via the derivative with respect to energy and the coordinate via the derivative with respect to the corresponding momentum.
Recently, an intuitive picture of the relativistic regime of the laser-induced strong field ionization was developed in [19, 20] . It was shown that the tunneling picture applies also in the relativistic regime with a modification that the energy levels becomes position dependent. This modification accounts for the electron kinetic energy change during the tunneling connected with the electron motion along the laser field due to the effect of the magnetic field induced Lorentz force. The tunneling time delay was investigated in [19] for the tunnel-ionization process by adapting Wigner's approach for tunnel-ionization. In the relativistic regime of tunneling the Wigner trajectory under-the-barrier is shifted along the laser propagation direction due to the magnetically induced Lorentz force, which can be observed physically as a shift of the peak of the tunneled out electron wave packet at the exit of the barrier. In [19] the Wigner trajectory is calculated explicitly extracting the phase of the wave function which is a rather cumbersome procedure especially in the relativistic regime.
In this brief report, we present an alternative method for the calculation of the Wigner trajectory in terms of the phase of the fixed energy propagator (the Green function of the timeindependent Schrödinger equation). This method provides an easier way to calculate the tunneling time delay and the Wigner trajectory in particular cases. We apply the developed formalism to the nonrelativistic regime of tunnel-ionization from a zero-range atomic potential under the effect of a constant and uniform electric field, and the relativistic regime under the effect of a constant and uniform crossed field. The latter field configuration corresponds to the relativistic quasistatic regime of strong field ionization when the Keldysh parameter γ = ω 2I p /E 0 is small (γ 1) [17] , where I p is the ionization potential, ω and E 0 are the laser frequency and the field amplitude, respectively.
Atomic units (a. u.) and the metric convention g = (+, −, −, −) are used throughout the paper.
II. THE PHASE OF THE FIXED ENERGY PROPAGATOR
Our fundamental definition of the Wigner trajectory follows from the relation between the spacetime propagator K(x, x ; t.t ) = x|U(t, t )|x (1) and the fixed energy propagator
with energy ε, the Hamiltonian H, the time evolution operator U(t, t ) and the standard Feynman i F prescription [21] . First, the spacetime propagator can be written as
where we set the initial time zero, t = 0. Then, the fixed energy propagator is split into its phase φ and its amplitude A
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2 such that the spacetime propagator reads
(4) The propagator (4) connects the space points x and x in a time interval t and its value will be maximal when the phase of the fixed energy propagator φ(x, x , ε) fulfills the stationary phase condition
Then a trajectory which fulfills condition (5) with a certain energy of the incoming wave packet ε 0 maximizes the propagator. In other words, the trajectory given by the relation
traces the maximal of the propagator. In fact, the trajectory (6) is nothing but the definition of the so-called Wigner trajectory [8] [9] [10] . Here we should stress that the identification of the Wigner trajectory by means of the phase of the electron's propagator is similar to the procedure given in [19] . Nevertheless, Eq. (6) is based on a more fundamental approach that prevents us to discuss the appropriate conditions in order to identify a well-defined Wigner trajectory by means of wave packets elaborated in [19] .
In the tunnel-ionization case one can argue that the quasiclassical trajectory and the Wigner trajectory have to coincide at the entry point of the tunneling barrier x i [19] . Therefore, imposing this condition, we obtain the Wigner trajectory for the tunnel-ionization in terms of the phase of the fixed energy propagator as
where ε 0 = −I p for the nonrelativistic regime of tunnelionization whereas ε 0 = c 2 − I p for the relativistic regime with the ionization energy of the ground state of the H-like ion I p = c 2 − √ c 4 − c 2 κ 2 , atomic momentum κ and speed of light c.
The phase of the fixed energy propagator can be inferred by the inverse Fourier transform of the spacetime propagator as
Moreover, if the fixed energy propagator (8) is calculated by the saddle point approximation, then the Wigner trajectory (7) coincides with the entire quasiclassical trajectory t c (x), which is instantaneous under-the-barrier and obeys Newton's law outside the tunneling barrier.
Finally, we can define the Wigner time delay, which measures the time difference between quasiclassical trajectory and the Wigner trajectory at a fixed space point far away from the barrier, as A. Nonrelativistic case: in a constant and uniform electric field
Let us apply the developed formalism first in the nonrelativistic regime of tunnel-ionization from a zero-range potential by neglecting the magnetic field of the laser and considering solely the electric field component
The exact spacetime propagator for those particles whose Lagrangian is a quadratic function of the coordinate and the velocity coincides with the quasiclassical propagator, i.e., the classical path dominates the Feynman path integral [22] [23] [24] . In this case, the propagator can be given by
with the classical action S c , which is the action evaluated along the classical trajectory. Then, the spacetime propagator along the electric field direction-x in the length gauge A µ = (−xE 0 , 0) can be written as Here the tunneling entry point for the tunnel-ionization form a zero-range potential can be set as x i = 0. Then using the inverse Fourier transform (8) and the definition (7), we obtain the Wigner trajectory, see Fig. 1 . The classical trajectory, on the other hand, can be governed by
where the initial velocity at the tunnel exit can be set to zero and the tunnel exit point is given by x e = I p /E 0 . Now, we can compare the classical trajectory (13) with the Wigner trajectory (7) for nonrelativistic tunnel-ionization from a zero-range potential. We did a comparison for two sets of parameters: First for E 0 /E a = 1/7, κ = 1 with the atomic field E a = κ 3 , corresponding to the deep-tunneling regime, and for E 0 /E a = 1, κ = 1, which represents the nearthreshold-tunneling regime of the tunnel-ionization [19] . Fig. 1 demonstrates that for the deep-tunneling regime the Wigner time delay vanishes, while for the near-threshold-tunneling regime it persists and is detectable at remote distances. The results are consistent with Ref. [19] .
B. Relativistic case: in a constant and uniform crossed field
Next, the relativistic tunnel-ionization from a zero-range potential is considered when the magnetic field component of laser cannot be neglected and the laser field can be approximated by a constant and uniform crossed field The (3+1) dimensional relativistic spacetime propagator can be calculated within the proper time method [25] [26] [27] [28] [29] [30] [31] . Then, the corresponding spacetime propagator for the crossed field (14) in the Göppert-Mayer gauge A µ = −xE 0 k µ can be written as (see [32] )
with the wave vector k µ = (1, 0, 0, 1) and the polarization vector µ = (0, 1, 0, 0), where we set the initial spacetime point x µ = 0 similar to the nonrelativistic case. The fixed energy and the fixed transversal momenta propagator along the laser's polarization direction can be calculated via the Fourier transform
which can be given by
In order to be able to plot the Wigner trajectory, we have to define p y as well as p z in Eq. (17) . Firstly, one can set p y = 0 without loss of generality for the maximal tunneling probability. However, in contrast to the nonrelativistic tunnel-ionization process, the existence of the magnetic field leads to a non-zero value for p z for the maximal tunneling probability, which is a consequence of the fact that there is momentum transfer along the propagation direction of the laser in the relativistic regime [19, 20] . This will be deduced in the following. The tunneling probability for a given energy ε 0 = c 2 − I p can be given in terms of the propagator as
where the quasiclassical tunnel exit point x e can be calculated via the condition
which yields
The transition probability (18) reveals the most probable tunneling probability for a certain transversal momentum p z , see Fig. 2 . This indicates that during the tunneling there is a momentum transfer along the propagation direction of the crossed field. The kinetic momentum q z (x) = p z − xE 0 /c with the maximal tunneling probability at the tunneling entry is q z (0) = p z ∼ −2I p /(3c), whereas at the exit it is q z (x e ) ∼ I p /(3c). As a consequence, the momentum transfer along the laser's propagation direction is I p /c. Furthermore, in contrast to tunnel-ionization from a Coulomb potential case, the momenta at the entry and the exit, and hence the momentum transfer are independent from the barrier suppression parameter E 0 /E a for a zero-range potential. (see [19, 20] for further details). For the comparison of the Wigner trajectory and the classical trajectory, we need to evaluate the classical equations of motion. Let us calculate the classical trajectory for a relativistic particle via the proper time parametrization τ. The classical equations of motion are governed bÿ
with the field strength tensor F µν . For a constant and uniform crossed field (14) , the solutions are given by
with the initial conditions x µ (0) = (0, x e , 0) andẋ
, where we used the Lorentz invariant relation for the four-velocityẋ µẋ µ = c 2 [33] . Moreover, the initial velocity along the propagation direction of the crossed field can be written as v z0 = c q z (x e )/ c 2 + q z (x e ) 2 with q z (x e ) = p z − x e E 0 /c and the tunnel exit is given by
where we have used p z = −2I p /(3c) in Eq. (20) . Similarly to the previous case, we can compare the Wigner trajectory with the classical trajectory in two distinct regimes, see Fig. 3 . In the deep tunneling regime, E 0 /E a = 1/7, the Wigner time delay vanishes. For the near-threshold-tunneling regime, E 0 /E a = 1, the Wigner time delay is detectable. 
with the most probable momentum p z0 = −2I p /(3c). Due to the existence of a non-zero Wigner time delay, there exists also a spatial drift along the propagation direction at the tunnel exit, which is also detectable at remote distance, see Fig. 4 for an extreme parameter E 0 /E a = 10.
III. CONCLUSION
In this brief report, we present an alternative method for calculation of the Wigner trajectory which employs the fixed energy propagator. The developed method is applied to nonrelativistic as well as relativistic tunnel-ionization from a zerorange potential, where the propagator is derived from the proper-time method in the latter regime. We compare the quasiclassical trajectory with the Wigner trajectory for the ionization processes in the deep-tunneling and the near-thresholdtunneling regime. It is shown that the Wigner time delay is detectable in the latter case and the results are in accordance with those of Ref. [19] .
